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N1(t) = τ x,x(t)− τ y,y(t),
N2(t) = τ y,y(t)− τ z,z(t),
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Var(X) = E
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(X − E(X))2) = E(X2)− (E(X))2 <∞.
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√
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ϕ′(Xs)b(s,Xs) +
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ϕ′′(Xs)σ(s,Xs)2
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ds
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ϕ′(Xs)σ(s,Xs) dBs.
ﬂ
2
<ﬂ8ﬂ 
HJILNqxhFc_B\¤cfZ@hj§l
ho`Lb^ZdN\dhl
hoMOqumjb^NJc´\^IO\dILN*t[N\dNGbdMOc_LcZs\dcflZdN
\s\^c_uuolhFb^bdN;ZsqxhF_rt[c_uR\^h
σ = 0

mF_ut¦hFbILcfl,I"_LhZsN;l
hF_rtt[NGbdcŁmŁ\^coNGZhj
ϕ
mFqLqrN;mjb,ZJZsc_ul
N
d
dt
ϕ(Xt) = ϕ
′(Xt)
dXt
dt
.

NTmFbdNJ_LhŁﬃc_qrhBZsc\dchF_O\^h(bdNGmj\dN ﬂ
2
 | @mj_rt ﬂ
2
Û{
¢}TZdZd`LMON\^IumŁ\mFxl
ho_ut[c\dchF_uZ@hF§bdNGF`Lfmjb^c´\]X
mFbdNTZdmj\dcfZ]uN;t§YILcfl,IFcFN;Z¤ZdN_uZdN*\^h\dIuNR¦hobdMmjxMmj_LcqL`LfmŁ\^cho_uZ4NR_uhŁØqrNGbs¦hobdM" £N\`uZJmFZ^Zd`LMON
\^IumŁ\
X0
.\dILNc_Lc\dcfmjl
hF_rt[c´\^cho_0¦hFb ﬂ
2
È|#(IrmFZ(fmÏ
p0
¢ILNGbdN
p0
cZ\dILNc_Lc\dcfmjl
ho_ut[c\dchF_+FcFNG_
\^h ﬂ
2
Û{
 N
\`uZtLN_LhF\dN"YX
p(t, x)
\^ILN"qLbdhoumjucc´\]X¡tLN_uZdc´\]X ﬂ¦c\dIﬃbdN;ZsqxNGl
\O\dh \dILN NxNGZdF`LN
MON;mFZd`LbdN hj\^ILN(b,mj_ut[hoM Łmjb^cmFLN
Xt

uhFb*mj_YXmFbduc´\^b^mFbdX
C2
¦`L_rl\dchF_
ϕ
LN-bdc\dN∫
ϕ(x)
∂p
∂t
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ϕ(x)
∂p
∂t
(t, x) dx = E
(
ϕ′(Xt)b(t,Xt) +
1
2
ϕ′′(Xt)σ(t,Xt)2
)
,
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∫ (
ϕ′(x)b(t, x) +
1
2
ϕ′′(x)σ2(t, x)
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p(t, x) dx,
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ϕ(x)
(
− ∂
∂x
(pb)(t, x) +
1
2
∂2
∂x2
(σ2p)
)
dx.
HJIucZJqLb^NGlcZdNXZdILhŁ*Z\dIumj\
p
cZ\^ILNZdhF`[\dchF_\dh ﬂ
2
È{'LIucl,I"Z]\,mjbd\^Z¦b^hFM
p0
mŁ\c_Lc´\^cmF§\dcMONF
}vZdcM9cfmjb*mjb^F`uM9NG_B\GLumoZsN;tho_\dILNM`L\dc© t[cMON_uZdchF_umF 3 \:9uhFb^M`Lfm ﬂÀmZs\db,mjcFIB\s¦hobdJmjb,tN
Y©
\^N_uZdchF_hF NMOMm
ﬂomFhŁ*Z\dh-NGZs\^mFLcfZdI\dIuNJZ^mjMONJl
hobdb^NGZdqrho_ut[NG_ul
NrN\]NGN_£jho_\^ILNJhF_LN©DIrmj_ut§
\^ILN Aﬂ" 	 ! $
	ﬂ$¢Zs\dh[l,IumFZs\dcfl-t[cºxNGbdNG_o\^cmF§NGeB`umj\dchF_
dXt = b(t,Xt) dt + σ(t,Xt) dBt,
ﬂ
2
<ﬂ;z 
IuNb^N
Xt
cfZm-b^mF_ut[hFM qLb^h[l
NGZ^Z@c\dIŁmF`LN;Z4c_
R
N  b(t, ·) cfZ¤mFNGl
\dhob@uNftOhF_ RN ¦hobmjL\^cMON;Z
σ
cfZ
N ×K MmŁ\^bdcŁmF`LN;t"¦`L_ul
\dchF_£ªmj_rt Bt cZTm K ©³t[cM9NG_uZdcho_umj¹b^hŁ_Lcfmj_M9hF\dchF_£ªmj_rt§uho_
\^ILN(hj\^ILNbIrmj_ut§Y\^ILNLho¶Y¶FNbd© g4mF_ul,¶NGeB`umj\dchF_£
∂p
∂t
(t,x) +
tLc
((b(t,x) p(t,x))− 1
2
∇2 : (σσT p) (t,x) = 0, ﬂ 2 ﬃﬂ  
IuNb^N ∇2 : (σσT p) = N∑
i,j=1
∂2
∂xi∂xj
(
K∑
k=1
σi,kσj,k p
)

QR_ut[NbnmFqLqLb^hFqLb^cfmŁ\dN l
ho_ut[c\dchF_uZ"hFbdNGF`Lfmjb^c\]X ﬂÀILcfl,I N0IumÏFN hFMOc\s\dN;t \^hﬃMOmF¶FN qLb^NGl
cfZdN
mFrhŁoN
.NMmÏX \dIuNb^N
¦hFb^NlmFcM \dIrmŁ\9\dILNmÏ¥hFRmj_YX0qLbdh[lNGZ^ZZdhFBc_Lk\^ILN"Z]\^hYl,IrmFZs\dcflt[cºxNGbs©
NG_B\dcfmj¢NGeB`umj\dchF_ ZdhFFN;Z*\^ILNLho¶B¶oNbg4fmj_ul,¶kN;eo`rmŁ\dchF_HJILNOl
hF_YoNb,ZsN9mFZ^ZsNGbs\^cho_ncZTÀmFZdNF N
\(`uZ
ocoNR\^ILN-¦hFhŁc_LZdcMOqLN-c`uZ]\^b^mj\dchF_£¨ho_uZdct[NGb\dILNZs\dh[l,IumoZ]\^cl-t[cºxNGbdNG_B\dcfmj§NGeB`umj\dchF_
dXt = −1
2
Xt dt+ dBt,
ﬂ
2
<ﬂ
2

c\dIkc_Lc\dcfmjlhF_utLc´\^cho_
X0
_LhobdMmFXt[cfZ]\^bdcL`[\^NGt"c\dI ;GNb^h9MON;mj_kmj_utŁmjb^cfmj_ulNho_LN ﬂÀmF_utc_rt[N
©
qxN_rt[N_B\*hj
Bt

umj_rt\^ILNmFZ^Zsh[lcmj\dNGtLho¶B¶oNbd©Dg¤mF_ul,¶NGeB`umj\dchF_
∂p(t, x)
∂t
− 1
2
∂
∂x
(x p(t, x)) − 1
2
∂2
∂x2
p(t, x) = 0.
ﬂ
2
ﬃﬂÏ|'
¨NGmFbdXFB\^ILNZsho`L\dchF_\dh ﬂ
2
ﬃﬂ
2
b^NGmFtuZ
Xt = e
−t/2X0 +
∫ t
0
e(s−t)/2dBs.
¿¦É.½£¿âæ
      

 

 

   

  
|
HJIuNb^N
¦hFb^NFo¦hFbmF
t ≥ 0  Xt cfZm *-mj`uZ^Zscfmj_b^mF_ut[hFM¥ŁmFbdcfmjLNRc\dIC;NGbdhMONGmj_"mj_rtŁmjb^cmF_ul
NThF_LN
mF_uthj@l
ho`Lb^ZdNF[moZJ\dILN(qubdNGBchF`rZmjb^F`LMON_B\*ZdILhŁ*Z
p(t, x) = 1√
2pi
exp(−x2/2) c_utLNNGt"ZdhFFN;Z\dILN
uhF¶Y¶FNGbs© g4fmj_ul,¶ NGeB`umj\dchF_ ﬂ
2
<ﬂ;|#
0µRhŁNGFNGbG¢mj_YX0b^mF_ut[hoM qLb^h[l
N;ZdZ
Yt
Zd`ul,I+\^IumŁ\Oc´\,Z9MOmFbdoc_rmjfZ
c_¡\^cMON ﬂ¦_umFMONX0\dILN"fmÏ¥hj
Yt
@¦hFb9L[NGt
t
 mFbdN_LhFb^MmjX+t[cfZs\db^cL`L\dNGt c´\^I ;GNb^hnMONGmF_ mj_rt
ŁmFbdcfmj_ulNho_LNF¤Zd`ul,I mFZ\dILN 	 $ ' ! !qLb^h[l
N;ZdZ
Yt = X0
t[hYNGZ  $#!*ZshooNﬂ
2
ﬃﬂ
2
 HJILNqubdh[l
N;ZdZ
NG_ul
h[t[N;Z@MOhFb^N*c_[¦hFb^MmŁ\dchF_9\^Iumj_\^ILN*fmÏﬃhjª\dILN*\dcM9NTMmjb^Fc_umjfZomj_utOc\cfZ@\^IB`rZ4c_o\^`Lc\dcFNXOl
NGmjb
\^IumŁ\\^ILN¶Y_LhŁNGt[oN-hj.\dILNfmÏhF\^ILN(\^cMONMmjb^Fc_umFZcfZ*_LhF\RZs`)?lcNG_o\\^h¶Y_LhŁ !  "!   %" 	 ! $# +
hF\^ILN(qLb^hYlNGZ^Z¤¸R\^ILNb^cZdN-Z]\,mŁ\dN;t§L¶Y_LhŁc_L\dILN(fmÏhF\^ILN-\dcMON(MOmFbdoc_rmjfZmFhŁ*Z\dhl
hoMOqL`[\dN
mF§N[qrN;l\^mj\dchF_Łmj`LNGZhF\^ILN-\]XYqrN
E(ϕ(Xt))
uL`[\G"



u_LhF\ReB`umj_B\dc\dcNGZZd`ul,I"mFZ
E(ψ(Xt, Xs))

PRNFNGbs\^ILNNGZ^ZGL¦hFbRM9hBZ]\Zsc\d`umj\dchF_uZRhj@c_o\^Nb^NGZs\Gxmj_ut"c_kqumjbd\dcfl
`umFb¦hFb*MmF_BXqLIYX[ZscflmFXb^NN
©
ŁmF_o\RZdc\d`umj\dchF_uZGLhF_uX\dILN¶Y_LhŁNGtLFNhj@N
[qxNGl\,mŁ\^cho_ŁmF`LN;Z*Zd`ul,IkmFZ
E(ϕ(Xt))
cfZRZd`)?l
cN_B\G 3³_
Zd`ul,I"Zsc\d`rmŁ\dchF_rZ[ZdhFBc_L\dILNuhF¶Y¶FNGbs© g4fmj_ul,¶ON;eo`rmŁ\dchF_   " 	 ! 	 ' / & 	 !"	 	 ﬂ$&$ + 1"  '
	  $ "
rqLbdhŁYcft[NGZ
mFr\dIuNTc_[¦hFb^MmŁ\^cho__LNN;t[NGt£3³_hF`ublhF_B\dNB\hj£\^ILNM9h[t[NGc_LhFl
hoM9quN9r`LctuZ[NTlGmj_\^ILNb^N
©
¦hobdNNGeB`LcÏmFNG_B\dX`rZsN\dILN9Z]\^h[l,IumFZs\dcflt[cºªNb^N_B\dcfmj.YcNGqrhoc_B\Gªhob*\dIuN9uhF¶Y¶FNGbs© g4fmj_ul,¶BcNqxhFc_B\G
· ?lcNG_ul
XlhF_uZdcft[Nb,mŁ\^cho_uZ4c_ut[cflmj\dNILcl,IcZ\^ILNTxNGZs\Z]\^b^mj\dNoXFYt[NqxN_rt[c_uho_\dIuNt[cMON_uZdchF_hF
\^ILN(qLb^hFLNM mŁ\Iumj_rt§umj_rthF\dILNGbqumjb,mjMON
\^Nb,Z  N(c£b^N
\d`ubd_\dh9\dIucZxNhŁ(
 '! ' D 
=GF
­
FL/
±

±%$
)


N_LhŁ Lb^cNuXocoNIuNb^N*ZshoM9NJumoZscflJNNMONG_o\,Z@hjª_Y`LMONb^clGmjLmF_umjX[ZscfZ.¦hFb¤Zs\dh[l,IumoZ]\^clJt[cºªNb^N_B\dcfmj
N;eB`umŁ\^cho_uZLhFb-\^ILcfZ-qL`Lb^qrhBZsNo§NOmFZ^Zs`uM9N\dIrmŁ\-\dILNb^NGmot[NbcfZRÀmFMOccmFb(c´\^I7\^ILNt[cfZdlbdN\dc<;GmŁ\^cho_
\^NGl,IL_uceB`LN;Z9¦hFbﬃ$ ﬀ	  # + t[cºxNGbdNG_B\dcfmjNGeB`umj\dchF_uZmF_ut \dILNnmoZdZdh[l
cfmŁ\dN;t mF_umjX[ZscfZ ﬂÀZdNN"·*¤µTmjcbdNGbG
W§ g¢uPRhFb,ZsN\s\*mj_ut *9

mj_u_LNb

|F|Yx|jy


uhFb*ZdcMOqLclc´\]XoLN-mFbdo`LNhF_\dILN(ho_LN
©³t[cMON_uZdcho_umj§ZdcMOqLN(lmoZsN ﬂ
2
ﬃﬂ[\^IumŁ\*cfZ
dXt = b(t,Xt) dt+ σ dBt,
c\dIkc_nmFtut[c´\^cho_£rml
hF_rZ]\,mj_B\
σ


NN;mÏFN(mFZdctLNeB`LNGZs\dchF_uZ*bdNGmj\dNGt\^h\dILNFN_uNb,mjlGmFZdN
dXt =
b(t,Xt) dt+ σ(t,Xt) dBt
LIucl,I£[hŁc_L\dh9\dILN(t[NGqrNG_ut[NG_ul
N-hj
σ
`LqxhF_\dIuNZsho`[\^cho_
Xt
[MOcoIo\
xN*Zdco_Lc´xlmj_B\^XM9hobdN\^NGl,IL_LcflmF[\dIrmj_9\dILNTZscMOqLN*lGmFZdNl
hF_rZscft[Nb^NGt9ILNGbdN ﬂ=ZsNGN*pNMmjb^¶
2
ﬃﬂJxNhŁ 
c¶oNcfZsNoŁNmoZdZd`LMON\dIumj\
b
cfZ@bdNGF`Lfmjb¢mj_rt\^IumŁ\¤mFLeB`LN;Z]\^cho_uZ¢hjxN
[cZs\dNG_ul
NmF_ut`u_LceB`LNG_LNGZ^Z¢IumÏoN
xNNG_kZsN\s\dNGt£
HJILNlbd`rl
cfmj§qxhFc_o\\^hOrN;mjb*c_"M9c_utcfZ\dIumj\Guc_kl
ho_o\^b^moZ]\\dh9\^ILNt[N\dNb^MOc_ucZs\dcfl-ZsN\s\dc_Lr[\dILNGbdN
mFbdN !  $9_Lhj\^cho_uZJhj@l
ho_BoNb^FNG_ul
NR¦hFb*mOZdl,IuNMON(t[cZ^l
b^N
\^cﬃ;Gc_uOmOZs\dh[l,IumoZ]\^cl-t[cºxNGbdNG_B\dcfmj§NGeB`umj\dchF_£
HJILN(_uhj\dchF_hj@l
ho_YFNb^FNG_ul
Nmj_umFhoFho`uZ4\^h9\dILNt[N\dNGbdMOc_LcZs\dcfl-_LhF\dchF_cZ/H

­	

¦
±
 
  " ﬁﬃ!" 
	 	  $ ' 	  "%ﬃ " 	 ' ' 	 ﬀ"Zs\db^hF_LoX9l
hF_YoNb^FN_B\  ﬀ 	 ' ' 	 ﬀ ! $  'Aﬂ"Zs\db^hF_u
hob^tLNbhFul
ho_BoNb^FNG_ul
N
α > 0
  "  !  "  " " 	 '
! ' 	 $ '
! !
C
 / $ﬂ' '
	  %$ + ﬀ" / "  ﬀ	   $ !  "	  ! "  Aﬂ$
$ 1	  ! "# #!"	$#
[0, T ]
' ﬁ 	  !  !  1 $ $&$! 	&ﬃ "'
! " / '
∆t
 ﬀ01 $ ﬂ$&$ 	 ! " " 
n ∈ [0, T/∆t] 
E
(∣∣Xn −Xtn∣∣) ≤ C (∆t)α, ﬂ 2 <ﬂGy
  "  "
Xtn
ﬀ "  $! " ' !  " "   	 ! ' $ﬂ$ ﬁ ! 	$ ! !"	&ﬃ!"
tn = n∆t
  ﬀ
Xn
ﬀ "  $! " ' 	 ! '  ﬁﬃ!" 
	 	  $
 /./  $  	&ﬃ ! 	$

y
 
"
	 ' ﬀ

"$	A "
} N;mj¶oNb*_LhF\dchF_£xILcfl,IncfZRmxN
\d\dNGbTMON
\^bdcfl(\^hmoZdZdNGZ^Z*l
ho_YFNb^FNG_ul
N-c_7qLb,mFl
\dcflmFZsc\d`rmŁ\dchF_rZ
cfZ/H

­	

¦ ±
 
	  ﬀ "  !  " '  ﬃ " 	 $ ﬀ	 ! 	$ '  ' !  "   $'Aﬂ" ﬀ" 	 	 ! 	$  !  " ' 	  "%ﬃ " 	 ' ' #	 ﬀNGmF¶YX
lhF_YFNGbdoN_B\  ﬀ 	 ' ' #	 ﬀ ! $   A "NGmF¶khFb,t[Nb-hjJl
ho_BoNb^FNG_ul
N
β > 0
  "  1 $ ﬂ$&$ 	  ! ", " 
n ∈
[0, T/∆t]
 ∣∣∣∣E (ϕ(Xn))− E (ϕ(Xtn))∣∣∣∣ ≤ C (∆t)β , ﬂ 2 <ﬂÏ{'
1 $#  $&$
C∞
1#ﬁ  	 ! 	$
ϕ
  	 !  / $ $ + $ ﬃ%	 $ ' $  !  !	  	  	 !,+# ﬀ' ﬁ 	  !  #! ﬂ$&$ 	 ! ' ﬀ" 
	 A #!"	 Aﬂ"'
 $(' $  'Aﬂ"/ $ﬂ$ + $ﬂﬃ 	ﬂ$ﬁ' $  !  #! 	  	 	 !,+

HJILNkfmŁ\d\dNGbt[N
u_uc´\^cho_£ZdqxNGl
crl\^h \^ILNnZs\dh[l,IumFZs\dcfl"ZsN\s\^c_LrcfZOMOhj\^cŁmŁ\^NGt YX+\dIuN"ÀmFl\\^IumŁ\
c_ MOmF_YX¡mjqLqLcflmŁ\^cho_uZG¤mFZOmjb^NGmFtLX+M9NG_B\dchF_LN;t mjxhŁFNo@\dIuN"Zs\dh[l,IumoZ]\^clt[cºxNGbdNG_B\dcfmjNGeB`umj\dchF_ cZ
ZdcM`LfmŁ\^NGt¡ho_LX0\dh NŁmj`umŁ\^NZdhFMONN
[qxNGl\,mŁ\^cho_ Łmj`LNGZ
E (ϕ(Xt))
 HJILcZ9cxN\dILNklmoZsN¦hFb
lhFMOqLN
nr`Lct uhŁ*Z(ZdcM`LfmŁ\^cho_ ﬂ=ZsNGNO\dILNNYqubdN;ZdZdcho_ ﬂ
2


'hF¤\dIuNZ]\^bdN;ZdZ\^N_uZdhFb(xNhŁ HJILN
_uhj\dchF_(hF[N;mj¶TlhF_YFNGbdoN_ulN¢cZ£\^mjchFb^NGtT¦hFb\dILcfZ£qL`ubdqxhoZdNF#3³_l
hF_B\^b^moZ]\§\^h\dILNZ]\^bdho_L*l
ho_BoNb^FNG_ul
No
c\¤t[hYNGZ¢_uhj\@MONGmFZd`Lb^N\dILN*moll
`ub^mol
X-hjx\dILN*mFqLqLb^hÏ[cMmŁ\^cho_hjªNGmol,Ib^NGmFc<;Gmj\dchF_ ﬂÀNGmol,I  ]\db,mŁi]N;l\dhobdX  
ﬂÀ_Lhj\^NJc_utLNNGt\dIrmŁ\
P(|Xn−Xtn | ≥ a) ≤
1
a
E(|Xn−Xtn |)
oL`[\4hF_uX-\^ILNmFll`Lb,mFl
X-hFu\dIuNMON;mj_£
¸R¢l
ho`Lb^ZdNFLZs\db^hF_u9lhF_YFNGbdoN_ulNTl
NGmFbdXcM9qucNGZNGmF¶l
ho_YFNb^FNG_ul
No
N
\R`uZ*_LhŁ MONG_o\^cho_\dILNZdcM9quN;Z]\*qxhoZ^ZscLNZdl,IuNMON-¦hFb\^ILN_Y`LMONb^cflmj§c_B\dNGFb,mŁ\dchF_hjﬂ
2
 | 
3 \*cfZ\dIuN01 $  ﬀ ﬂ¦hFb " / $ 	 	 	 ! 
%
ﬁ$ "  ' 	  "%ﬃ ">H
Xn+1 = Xn + b(tn, Xn) ∆t+ σ (Btn+1 −Btn).
ﬂ
2
<ﬂ/7
W[c_ulNn\^ILN7c_ul
b^NMONG_o\
Btn+1 − Btn
cZm lN_B\dNGbdN;t *-mj`uZ^ZdcmF_ b^mF_ut[hoM Łmjb^cfmjLNnc\dI Łmjb^cfmj_ulN
tn+1 − tn = ∆t [\^ILNZ^l,ILNMON(mjfZshOb^c´\^NGZ
Xn+1 = Xn + b(tn, Xn) ∆t+ σ
√
∆tGn,
ﬂ
2
<ﬂG
IuNb^N
(Gn)n≥0
t[NG_Lhj\^NcD c= t§4Zs\^mj_rtLmjb,t_uhFb^MOmFªb^mF_ut[hFM ÏmFbdcfmjuN;Z
3 \*cfZNGmoZsXO\^hZsNGN\dIumj\\dILNZ^l,ILNMON ﬂ
2
ﬃﬂ7'Jmjb^cfZsN;Z¤¦b^hFM \dILNmFqLqLb^hÏYcMmŁ\^cho_
Xtn+1 −Xtn =
∫ tn+1
tn
b(t,Xt) dt+ σ
∫ tn+1
tn
dBt,
≈ b(tn, Xtn) ∆t+ σ (Btn+1 −Btn).
HJIuN*ZsN;l
hF_rtc_B\dNob^mj\dchF_9c_9\^ILN*b^coIo\d©DIrmj_ut9Zscft[NxNc_L(N
Lmol\Gj\dILN*qubdN;l
cfZschF_9hFb,t[Nb¢cfZ@N
Lmol\dX\^IumŁ\
hF¤\^ILNmjqLqubdhÏ[cMOmj\dchF_nhF¤\^ILN£NGrN;Zso`LNOc_B\dNGFb,mjD£mj_ut cfZ\dILNGbdN¦hFb^N
α = 1
HJILcfZ-cfZ-\dILNZs\db^hF_L
hob^tLNb@hj§l
ho_YFNb^FNG_ul
Nojmj_utONNGmÏFN\^h-\dILN*b^NGmot[Nb¢\^ILN\,mFZd¶\dhl,ILNGl,¶(\^ILcfZ4cfZ¤mjfZdhT\^ILN*NGmF¶hFb,t[Nb
hF.lhF_YFNGbdoN_ulNF
	­
¡[ 
 '!


	 ! ﬁ  $&$ + !  "  $ A ", ﬁﬃ!" !	 ' ' $ 	   !$ + ﬃ 	 ' $ " ﬀ	  


!	 ' ',/ " 	 	 	 	 ! $ !  " 	 ﬂ'"$ 1
	 $# '
! # ! ﬀ#	  ﬁ '
	$
σ
 ' 	   

  $  ﬃ $ "  /./  $/ 
	! "$ +' ! ! "#ﬀ ! $ !ﬀ " ! "  ﬃ%	 	 ' ! 	 	 ﬀ#	  ﬁ '
	$
¿¦É.½£¿âæ
      

 

 

   

  
{
σ
!  ! ﬃ  + ﬀ" / "  ﬀ $ ! 	&ﬃ "  ﬁ ! !  ! ﬀ'$ " '  $! ﬀ "/ "  ﬀ $ !  " ' $ $ ﬁ !"	$#
Xt

 "  !  " $ ! ! " 
ﬀ "/ "  ﬀ '$#ﬃ!  " ' $ $ ﬁ ! 	$  !  ! 	 '
dXt = b(t,Xt) dt + σ(Xt) dBt.
!  "  !  "
%
ﬁ$ "  ' 	  "ﬃ!"
Xn+1 = Xn + b(tn, Xn) ∆t+ σ(Xn) (Btn+1 −Btn)
ﬂ
2
Èzj
  	 !ﬁ ﬂ$&$ + ﬂ$(' $ 	  $&$ "#ﬀﬃ!  "·4`uNGbs©³Snmjb^`LXBmjMmZ^l,ILNGM9N  	 ' $# $ +ﬃ$ 1 '
!" $# $ ﬀ " 
α = 1/2
  ﬁ ! 	 !
 "ﬃ 	  ' $1  "   $ ﬀ " 
β = 1

  "  " ﬂ' $# $ 	 "' 	  !  " ﬀ#	  "  "  	#"  #" !  "#"  !  "

!   	& $ 	%ﬁ$ ﬁ '
# ﬀ !  " ﬁ ' ﬁ ﬂ$ ﬀ" ! "  ﬃ 	  	 '
! 	 	 	 ﬂ$ 	ﬁ$ ﬁ '


 1  	 !  ! $ $ ! #	  '
!"&$  	&$#1Aﬂ" , "  	#"  	 !  $# ﬀ" 
1
 !  "
 ﬀ" %ﬁ ! "' 	  "ﬃ!" ! $ "ﬃ / $ $ +  #! $ "  '
! 1 $# $# "  ﬀ	&ﬃ!"  '
	$  $ /  $ 	#" '#'%"'  	 ' !  "n·4`LNbd© SkcfZ]\^Nc_
Z^l,ILNGM9N 
Xn+1 −Xn = b(tn, Xn) ∆t+ σ(Xn) (Btn+1 −Btn)
+
1
2
σ(Xn)σ
′(Xn)
(
(Btn+1 −Btn)2 −∆t
)
.
ﬂ
2
Èz)ﬂ 

!	 ' $ 1 '
!  $  $ ﬀ "  $ 1 	 $EA " - "  	#"
α = 1
  ﬀ $1 	&$ ﬁ #'%"  ' "#" '  	 !  !  "
%
ﬁ$ "  ﬃ ﬁ+'ﬂﬃ 
' 	  "%ﬃ "   " 
σ
	 ' 	  ﬀ" / "  ﬀ " ! $ 1
Xt

!
ﬁ	   ﬂ ﬂ 0  %0 &
*cFNG_\^ILNJ_Lhj\^cho_uZ.hjL\^ILNJqLbdNGYcho`uZ¢ZsN;l\dchF_ŁNJmjb^N_uhŁ¡c_9qxhoZdc´\^cho_\dhb^N
\d`ubd_\dh(ZshoMON¶oNX(cfZdZd`LNGZ
c_\dILN-MOh[t[Nc_LZs\dNGq£LLb^cN
uXmotLt[b^NGZ^ZsN;tN;mjb^cNbJc_kW[NGl\^cho_

¸T`LbJqL`Lb^qrhBZsN\^ILNb^N-moZJhF_LX\dh
lhF_ulN_B\db,mŁ\^NOhF_ \dILNM`L\dcfZdlGmjNqLbdhoLNM"mF_ut bdN;mFl,I0mFZZdhYhF_0mFZ(qxhoZ^ZscLNm"qLb^hj\dhF\]XYqLclGmj.¦hFb^M
hF4Zs`ul,IkmZdX[Z]\^NM"JHJILcZRIumFZ*rNGN_kqxNbd¦hFb^M9N;t"c´\^I ﬂ

ﬃﬂ
2
mŁ\R\dILNqubdcfl
N(hF@ZdhFMONZdcMOqLcrlmj\dchF_uZ
mF_utZsILhobs\,l
`[\,Z N
\*`uZJ_LhŁ\^mF¶FN(m9M9hobdN-qxNGt[N;Z]\^bdcfmj_"mjquqLbdhBmFl,I\^hO\dILN(qubdhoLNGM"Lmj_utt[N§c_B\dh
ZdhFMON-cfZdZd`LNGZG[umoZsN;tho_ho`LbqLb^NGZdN_B\MOmj\dILNGMmŁ\dcflmF§¶Y_LhŁN;t[FNhj\dILNZs\dh[l,IumoZ]\^clT¦hobdMmjcfZsM"
 ' ('! +.-
­
 ÀF
±
;
±E&
=
­ 
.[/
±

±%$

±
/
±

N
\J`uZub,Z]\l
ho_ul
NG_B\db,mŁ\dNThF_\dILNT\]h¦hFb,l
N;Z¤N[Nbd\dNGtYXO\dILN(ZdhFFN_B\hF_B\dh\dILN-l,IumFc_£[_rmjMONXO\dILN
¦b^cfl\dchF_¦hFb,l
N-NGho_Lomj\dc_L\^ILNl,IumFc_"mj_ut\^ILN¹bdhŁ_Lcfmj_¦hFb,l
N-MOhYtLNc_LlhFcfZdcho_uZ
uhFb\^ILcZRqL`Lb^qrhBZsNoLN(cZdhFfmŁ\^N(hF_LNZdc_uFN(rN;mFt§xt[N_LhF\dN(YX
m
c´\,Z*MmFZ^ZG
V t
c´\,Z*oNhYlc´\]Xoumj_rt
b^c\dN\dILN-¦hohŁc_LONGeB`umŁ\^cho_hF.MOhj\^cho_£LlmFNGt\dIuN

#  "A	  " %ﬁ ! 	$H
mdV t = −ζV t dt+DdBt, ﬂ 2 ÈzFz 
IuNb^N
Bt
t[N_LhF\dN;Z(mZs\^mF_utLmjb,t§
d
© tLcMON_rZschF_umF=£¹b^hŁ_Lcfmj_7MOhF\dchF_ mF_ut
D
mZdlGmjfmjb-qumjb,mjMON\dNb
\^hOrNt[N\dNGbdMOc_LNGt§4HJIuNZsho`[\^cho_hF ﬂ
2
ÈzFz#cfZ*mOZshF© lGmjN;t  
 '
! " 	  	 $ "   #" 	  /  $ 	 "'#'8H
V t = V 0 exp
(
− ζ
m
t
)
+
D
m
∫ t
0
exp
(
− ζ
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√
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√
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√
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√
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Methods
of the integral
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Phenomenological modelling
Stochastic models
Microscopic models (kinetic theory)
Macroscopic simulations
Integral models Differential models
Finite Element
Discretization
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τ p(t, x, y) =

We
(∫
(r ⊗ r)ψ(t, x, y, r) dr − 3]t
)
,
∂ψ
∂t
(t, x, y, r) + u(t, x, y) · ∇x,yψ(t, x, y, r)
= − t[c r
((
∇x,y u(t, x, y) r − 1
2We
r
)
ψ(t, x, y, r)
)
+
1
2We
∆rψ(t, x, y, r).
ﬂ=|[
2

Zd`LqLqucNGtc\dI 
u(0, x, y) = 0,
u(t, x, y = 0) = V ex, ∀t > 0,
u(t, x, y = L) = ~0, ∀t > 0.
ﬂ=|[È|'
¸Tc_L\^hJ\dILNZsqxNGlc´rl¨hF`LN\s\dNZsN\s\dc_Lr;mF_ut\dILNmFZ^Zs`LMOq[\^cho_uZ§\^IumŁ\hFb^coc_umj\dN.¦b^hFM c´\ ﬂÀ_Lhj\,mjLX
ﬂD|[Èz# 
[\dIuNmjxhŁFN-FNG_LNb,mj§ZdXYZs\dNGM ZdcMOqLc´rNGZc_B\dh9\dILN(M`ul,I"ZscMOqLNGbhF_LN>H

Re
∂u
∂t
(t, y) = (1− )∂
2u
∂y2
(t, y) +
∂τ
∂y
(t, y),
τ(t, y) =

We
∫
R2
P Qψ(t, y, P,Q) dP dQ,
∂ψ
∂t
(t, y, P,Q) = − ∂
∂P
((
∂u
∂y
(t, y)Q− 1
2We
P
)
ψ(t, y, P,Q)
)
+
∂
∂Q
(
1
2We
Q ψ(t, y, P,Q)
)
+
1
2We
(
∂2
∂P 2
+
∂2
∂Q2
)
ψ(t, y, P,Q),
ﬂ=|[ y 
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IuNb^N
P
mj_ut
Q
mjb^NR\^ILN-\]hlhFMOqrho_LN_B\,ZJhj\^ILN(N_rtY©=\^hj© N_utFN;l\^hFb
r
LmFho_L\^ILN
x
mj_rt
y
mj[NGZ
b^NGZdqxNGl\^coNXF#3³_\dIuNJmFrhŁoN¤ZdXYZs\dNGM"
τ(t, y)
t[NG_Lhj\^NGZ\dILN
xy
NG_B\db^XhFu\^ILN¤\^N_uZdhFb
τ p
¢}l\d`rmjXoŁ\dILN
qubdN;ZdZd`Lb^N4uNGt§Bmj_ut\dIuNhF\dILNGb@N_B\db^cNGZ.hjr\dILNZs\db^NGZ^Z\^N_uZdhFb¢MmÏXxN\dILNG_OtLNGt[`ulNGt§Fc_utLNqxN_ut[NG_B\dXF
N
\`uZ(NGMOqLIumFZdc<;NmŁ\(\^ILcZZ]\,mjFN9\^ILNO\db^NMON_rt[hF`uZ(ZdcM9qucrlmj\dchF_uZ(\dIumj\(\dILN¨ho`LN
\d\dNMOh[t[N
mFhŁ*Z.¦hFb;4¸Tc_L-\^h(\dIuNRZscMOqLN*FNGhFMON
\^bdcflZsN\s\^c_LmF_ut9\dIuNÀmFl
\4\dIumj\4\dIuNuhŁﬃcZ¤mFZ^Zs`LMON;tfmjM9©
c_umFbGB\dIuN-tLcoNb^FN_rl
N
©D¦b^NNRlhF_uZs\db,mjc_B\ ﬂ=zL 7cZ¦`LuN;tYXlhF_uZs\db^`ul\^cho_hj\dILN-oNhYlc´\]X9uNGtmj_rt
lGmj_rN-NcM9c_umj\dNGt¦b^hFM¥\^ILN(ZsX[Zs\dNM" 3³_"mFtLt[c\dchF_Y\dILN\db,mj_rZsqxhFbd\\^Nb^MZ
(u · ∇)u mj_rt (u · ∇)ψ
lGmj_ulNxhF`[\;[mjomFc_rN;lmj`rZsNThj£FNGhFMON
\^bdcflmFxlhF_uZdcft[Nb,mŁ\^cho_uZ.HJILcfZN[qLmFc_rZ4\^ILNTNY\db^NMONXZscMOqLN
¦hobdM¥hF£\dIuNN;eB`umŁ\^cho_hj.l
hF_rZsNGbdŁmŁ\^cho_hj.MOhFMON_B\d`uM¥c_\dILcfZl
ho_B\dN
Y\;BIucl,Ic_rt[NN;tb^NGt[`ulNGZ\dh
m(ZdcM9quN*ho_LN
©³t[cMON_uZdcho_umj[IuNGmŁ\NGeB`umŁ\^cho_£¢HJILcZZsN\¤hj§ZdcMOqLc´xlmŁ\^cho_uZ4cfZ4ZdqrN;l
crlJ\^h(\dILN-¨hF`LN\s\dN
rhŁ(@W[`LuZs\^mj_B\^cmF£t[c@?l`L´\^cN;Z*mjb^cfZsN-hj\^ILNb^cfZsNo
 N_uhŁ0tLNGZ^l
b^cxN@\dIuN_Y`LMONb^cflmjBmjqLqubdhBmFl,IT¦hFb ﬂ=|[ y'
.Hh*xNFc_c\dI£ŁN¤qubdN;ZsNG_o\\dILN ﬂÀZdcMOqLN
r_Lc´\^NNNMON_B\4t[cfZdlbdN\dc<;Gmj\dchF_9hju\^ILNMmFlbdhBZdlhFqLcfl4N;eo`rmŁ\dchF_.HJILNG_N\d`Lb^_9\dh\dIuN_B`uM9NGbdcflmFLmjq[©
qubdhBmFl,IONMOqLhŁXFN;tO¦hFb¤\dILN-Lho¶B¶oNbd©Dg¤mF_ul,¶N;eo`rmŁ\dchF_.HJILNTŁmjb^cmF_o\`uZsc_L9mZs\dh[l,IumFZs\dcfl*t[cºªNb^N_B\dcfmj
N;eB`umŁ\^cho_\^ILN_¦hFhŁ*Z
 
ﬁ	   ﬁﬂ   ﬂ   	 ﬂ      	 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 #! ﬂ  
N
\-`uZ-l
ho_uZscft[NGbR\^ILNZ]\^bdN;ZdZ
τ(t, y)
cfZT¶Y_LhŁ_£mj_ut7qrNGbs¦hobdM \dIuN9ŁmFbdcfmŁ\^cho_umj¦hFb^M`LfmŁ\^cho_nhj\dILN
N;eB`umŁ\^cho_c_ ﬂ=|[ y'Jt[N\dNGbdMOc_Lc_u\^ILN(FNGh[lc´\]X
Re
∂u
∂t
(t, y) = (1− )∂
2u
∂y2
(t, y) +
∂τ
∂y
(t, y)
c\dIkm9YcNG([_LN
Y\;[\dht[cfZ^l
b^N
\dc<;N-c\*`uZdc_L9u_uc´\^N(NNMON_B\^ZG¸T`Lb¦hFb^M`umj\dchF_cZ

WYNGmFb^l,I¦hFb
u : [0, T ] −→ H11 (0, L)
Zs`ul,I\dIrmŁ\
∀v ∈ H10 (0, L), Re
d
dt
(u(t), v)L2 = −(1− )
(
∂u
∂y
(t),
∂v
∂y
)
L2
−
(
τ(t),
∂v
∂y
)
L2
,
u(0, y) = 0,
ﬂ=|[Û{#
IuNb^NN-IumÏFN-t[NG_Lhj\^NGt
H10 (0, L) =
{
v ∈ H1(0, L), v(0) = 0, v(L) = 0}
mF_ut
H11 (0, L) =
{
v ∈ H1(0, L), v(0) = 1, v(L) = 0} .
}TZb^NBmjb,tLZ-\dIuNt[cfZdlbdN\dc<;Gmj\dchF_£.Nc_B\^bdh[t[`ulN\dIuNZdIumjqxN¦`L_rl\dchF_rZ¦hobg ﬂu_Lc\dNNGNGMON_B\^Z
ﬂ¦¦hFbJ\^ILN(FNGh[l
c\]X 
ϕi(y) =

1
IuN_
y = iN ,
m ?O_uN ho_
[
i− 1
N
,
i
N
]
mF_ut
[
i
N
,
i+ 1
N
]
,
0
IuN_
y ∈
[
0,
i− 1
N
]
∪
[
i+ 1
N
, 1
]
,
ﬂ=|[ 7 
|2  
"
	 ' ﬀ

"$	A "
ﬂ¦¦hFb
0 ≤ i ≤ N 
c\dI \dIuNhoYBchF`rZ9motLmjqL\^mŁ\^cho_uZ9ILN_ i = 0 mj_rt i = N mF_ut \dILNkZdIumjqxN
¦`u_ul\^cho_uZJ¦hFbgr_Lc´\^N(NNMON_B\,Z ﬂâ¦hobJ\dILNZs\db^NGZ^Z&
χi(y) =
 1
IuN_
y ∈
[
i− 1
N
,
i
N
)
,
0
hF\dILNGbdcfZdN
,
ﬂ=|[  
ﬂ¦¦hFb
1 ≤ i ≤ N rhF\dIﬃhF_ m bdNGF`Lfmjb9MONGZdI hŁoNb [0, L] 4c\dIﬃMONGZdIuZdcﬃ;GN h = ∆y = 1
N
ØHJILN
mFqLqLb^hÏ[cMmŁ\^cho_uZ¤¦hFb
τ
mj_ut
u
\dIuN_"bdN;mFt
τh(t, y) =
N∑
i=1
(τh)i(t)χi(y),
ﬂD|[<ﬂG 
uh(t, y) =
N−1∑
i=1
(uh)i(t)ϕi(y) + V ϕN (y),
b^NGZdqxNGl\^coNXFPRhj\dNOc_ut[NGNGt§ª\^IumŁ\;£rN;lmF`uZsN9hj¤\dILNOxhF`L_utumjb^Xnl
hF_rt[c´\^cho_£§NIumÏoN¦hob-mF
t > 0

(uh)0(t) = 0
mF_ut
(uh)N (t) = V

3 \ObdNGMmjc_uZ\^h tLcZ^l
b^N
\^cﬃ;GNc_¡\dcMONFILcl,I Nt[h7`rZsc_L0mnumol,¶BJmjb,t0·4`LNbZ^l,ILNMON¦hFb9\dILN
YcfZdlhF`uZ\^Nb^M4HJIuN-¦`LXtLcZ^l
b^N
\^NT¦hobdM`LfmŁ\dchF_cZ\dIY`uZ

WYhooNT¦hob
(uh)nj
¦hob
j = 1, ...N − 1 mj_ut¦hFb n ≥ 0
Zd`ul,I\^IumŁ\
(uh)0j ≡ 0
mj_ut ∀i = 1, ...N − 1,
Re

N−1∑
j=1
(uh)n+1j ϕj −
N−1∑
j=1
(uh)nj ϕj
∆t
, ϕi

L2
= (1− )
 ∂
∂y
N−1∑
j=1
(uh)n+1j ϕj + V ϕN
 , ∂
∂y
ϕi

L2
−
(
(τh)n,
∂
∂y
ϕi
)
L2
ﬂD|[<ﬂ8ﬂ 
IuNb^N
(τh)n
t[N_LhF\dN;Z\dILNmFqLqLb^hÏYcMmŁ\^cho_hj
τh
mj\\^cMON
tn

3³_kmjFNGLb,mjcfl*\^Nb^MOZGY\dIucZb^c\dNGZ
ReM
Un+1 − Un
∆t
= −(1− )AUn+1 −GSn +B, ﬂD|[<ﬂ;z'
IuNb^N
Un =
[
(uh)n1 , . . . , (u
h)nN−1
]T
cfZ\dIuN(`L_L¶Y_LhŁ_£
Sn =
[
(τh)n1 , . . . , (τ
h)nN
]T
,
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mF_ut
G
cfZ*m9MmŁ\db^cc´\^I
(i, j)
© N_B\db^X
Gi,j =
∫ L
0
∂ϕi
∂y
χj dy.
ﬂD|[<ﬂ


HJIuNoNGl
\dhFb
B = −(1 − )V
[
0, . . . , 0,
∫ L
0
∂ϕN
∂y
∂ϕN−1
∂y dy
]T
cZmoZdZdh[l
cfmŁ\^NGt¡c\dI \^ILN 5Rcb^cl,ILN
\
xhF`u_utLmjb^X"l
hF_rt[c´\^cho_£THJIuNMmŁ\^bdcfl
N;Z
M
mj_rt
A
b^NGZdqrN;l\dcFNGX"t[NG_Lhj\^N\dIuNMmŁ\^bdcfl
N;Z*hF4MOmoZdZTmj_ut
b^cFcft[c´\]Xhj\^ILN(g ﬂ-u_uc´\^N(NNMON_B\^Z/H
Mi,j =
∫ L
0
ϕi ϕj dy,
ﬂD|[<ﬂ
2

Ai,j =
∫ L
0
∂ϕi
∂y
∂ϕj
∂y
dy.
ﬂD|[<ﬂ;|'
 
       	      ﬂ 0%0ﬁﬂ   &! .ﬂ         

N(_LhŁ\d`Lb^_\^hO\dILNtLcZ^l
b^N
\^cﬃ; mŁ\dchF_hj.\dILNuhF¶Y¶FNGbs© g4fmj_ul,¶ON;eo`rmŁ\dchF_c_ ﬂD|[ y'L\dIumj\*cZ
∂ψ
∂t
(t, y, P,Q) = − ∂
∂P
((
∂u
∂y
(t, y)Q− 1
2We
P
)
ψ(t, y, P,Q)
)
ﬂD|[<ﬂGy
+
∂
∂Q
(
1
2We
Qψ(t, y, P,Q)
)
+
1
2We
(
∂2
∂P 2
+
∂2
∂Q2
)
ψ(t, y, P,Q).
W[c_ulN
y
cfZho_LX+mkqrmjb,mjMON
\^Nb;.NhoM9c\9\dh7MONG_o\^cho_+\dIuNN
[qLcfl
c\Ot[NGqrNG_ut[NG_ul
Nhj
ψ
`LqxhF_ \dILcfZ
qrmjb,mjMON
\^Nb\dILb^hF`uFILho`[\\^ILcfZqumjb,mjob^mFqLI£

Nc_B\db^hYtL`ul
N(\^ILNN;eB`LccLbdc`LM Zsho`L\dchF_khj ﬂD|[<ﬂGy'ﬂ 	

"

\^ILNZs\dN;mFt[XZ]\,mŁ\^NZdhF`[\dchF_"hj ﬂD|[<ﬂGy'
¦hob
u = 0
L_umFMONX
ψ∞(P,Q) =
1
2pi
exp
(
−P
2 +Q2
2
)
.
ﬂD|[<ﬂÏ{'

N(_LNB\*l,IumF_LFN\^ILN(`L_L¶Y_LhŁ_¦`L_ul
\dchF_"c_ ﬂD|[<ﬂGy'JZdN
\d\dc_L
ϕ =
ψ
ψ∞
ﬂD|[<ﬂ/7
mF_utbdNGbdc\dN ﬂ=|Lﬃﬂ;y'JmFZ
ψ∞
∂ϕ
∂t
(t, P,Q) = − ∂
∂P
(
∂u
∂y
Qψ∞ ϕ
)
+
1
2We
∂
∂P
(
ψ∞
∂
∂P
ϕ
)
+
1
2We
∂
∂Q
(
ψ∞
∂
∂Q
ϕ
)
ﬂD|[<ﬂG
|Fy
 
"
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 ﬀ

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Iucl,IcZ*bdN;mFt[cXZdNMOc© tLcZ^l
b^N
\^cﬃ;GNGtc_\dcMONmFZ
ψ∞
ϕn+1 − ϕn
∆t
= − ∂
∂P
(
∂u
∂y
Qψ∞ ϕn
)
+
1
2We
∂
∂P
(
ψ∞
∂
∂P
ϕn+1
)
+
1
2We
∂
∂Q
(
ψ∞
∂
∂Q
ϕn+1
)
.
ﬂD|[Èzj
}ﬃŁmjb^cfmŁ\dchF_rmjB¦hFb^M`LfmŁ\^cho_hF ﬂ=|L zF'.hF_Omj_OmjquqLbdhoqLb^cmj\dN4¦`u_ul\^cho_umjuZdqumol
N V ﬂÀZdNNJ¦hFb¢N[mFMOqLN
¹  ohF`Lb,tLmFc_£r¨T N¹bdcfZ[H- NcKGYbdN(mj_rtx¸R\d\dh

yB|Yu}RqLqrNG_ut[c"¹

cZJ\^ILN_ H

WYhooNT¦hob
ϕn ∈ V ¦hFb n ≥ 0 Zd`ul,I\dIumj\ ∀θ ∈ V ,∫
ϕn+1 − ϕn
∆t
θ ψ∞ =
∫
∂u
∂y
Q
∂θ
∂P
ϕnψ∞
− 1
2We
∫
∂θ
∂P
∂ϕn+1
∂P
ψ∞ − 1
2We
∫
∂θ
∂Q
∂ϕn+1
∂Q
ψ∞,
ϕ0 = 1.
ﬂD|[Èz)ﬂ 
HJILN9MOhoZs\-mFqLqLb^hFqLb^cfmŁ\dNumFZdcZR\dh`uZdN¦hobR\^ILN *-mjNb^¶Bc_numoZscfZTc_ ﬂ=|[Èz)ﬂRcfZmumoZscfZl
hF_rZscfZ]\^c_u
hF ﬂ¦\dN_rZshobqLbdh[t[`rl\^Z*hj&JµRNb^M9c\dN-qxhFXY_LhFMOcfmjfZ
Hi
H
χi,j(P,Q) = Hi(P )Hj(Q),
ﬂD|[ÈzFz'
IuNb^N
H0(P ) = 1, H1(P ) = P, H2(P ) =
1√
2
(P 2 − 1). ﬂD|[Èz  
3³_rt[NN;t§uZdc_ulN
1√
2pi
∫
R
Hi(P )Hj(P ) exp (−P 2/2) dP = δij , ﬂD|[Èz 2 
mF_ut7Zdc_ul
N\dILN *-mF`uZdZdcfmj_n¦`u_ul\^cho_ cfZqLbdN;l
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clear all;
% Physical parameters
Re=0.1;Eps=0.9;We=0.5;
v=1.;
T=1.; % Maximal time
% Discretization
% Space
I=100;
dx=1/I;mesh=[0:dx:1];
% Time
N=100;
dt=T/N;
% Matrices
D1=diag(ones(1,I−1),−1);D1=D1(2:I,:);D1=[D1,zeros(I−1,1)];
D2=diag(ones(1,I−1));D2=[zeros(I−1,1),D2,zeros(I−1,1)];
D3=diag(ones(1,I−1),+1);D3=D3(1:(I−1),:);D3=[zeros(I−1,1),D3];
% Mass matrix
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M=(1/6)*D1+(2/3)*D2+(1/6)*D3;
M=M.*dx;M=sparse(M);
MM=M(:,2:I);
% Stiffness matrix
A=(−1)*D1+2*D2+(−1)*D3;
A=A./dx;A=sparse(A);
AA=A(:,2:I);
BB=Re*MM./dt+(1−Eps)*AA;
% Vectors
u=zeros(I+1,1); % Initial velocity
tau=zeros(I,1); % Initial stress: \E(PQ)=0 at t=0
gradtau=zeros(I−1,1);
CLL=zeros(I+1,1);
% Time iterations
for t=dt:dt:T,
uold=u;
gradtau=tau(2:I)−tau(1:(I−1));
if ((t/T)<0.1)
CLL(1)=v*10*(t/T);
else
CLL(1)=v ;
end;
CL=(Re*M./dt+(1−Eps)*A)*CLL;
F=(Re*M./dt)*u−CL+(Eps/We)*gradtau;
u(2:I)=BB\F;
if ((t/T)<0.1)
u(1)=v*10*(t/T);
else
u(1)=v;
end;
for l=1:I
tau(l)=(1−dt/We).*tau(l)+(dt/dx)*(u(l+1)−u(l));
% tau(l)=(1−dt/We).*tau(l)+dt/dx*(uold(l+1)−uold(l));
end;
% Drawings
plot(mesh',u,mesh',[(Eps/We)*tau;(Eps/We)*tau(I)]);
axis([0 1 −1 1.2]);
drawnow;
end;
legend('velocity','stress');
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Re
δt
(un+1(y)− un(y))− (1− )∂
2un+1
∂y2
(y) =
∂τn
∂y
(y),
1
δt
(τn+1(y)− τn(y)) + 1
We
τn+1(y) =
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We
∂un+1
∂y
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Re
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∂y2
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(y),
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We
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∂un
∂y
.
ﬂD|[
2
z 
 	  ! 

$# !  "  ﬁﬃ!" 
	 	 '  	  $$ '%"  ' ﬁ ﬀ 	 	 "  !$ + $ #- " ! 	&ﬃ!" '
! "/
)
$ !  "  ﬁﬃ " 
	 	 ﬂ$ #  $ + '
	 ' 
	 $# '
	 ﬀ"  !  "$ﬁ # ! 	 !-+
En = Re
∫ 1
0 |un|2(y) dy+ We
∫ 1
0 |τn|2(y) dy
 ﬀ /  $'Aﬂ" !  !
En+1 ≤ En 
  ! "Aﬂ"  !  " !"	&ﬃ!" '
! "/ 1 $ !  "' 	  "%ﬃ "  

   ﬀ 1 $  ' ﬁ ﬀ 	 	 "  !$ + ' ﬃ  $&$ ! 	&ﬃ "'
! " / 1 $ !  "
' 	  "%ﬃ "  

  

  " ' 	  "ﬃ!"  

     "'-/

 

    	 ' ! ﬁ ' 	  	 $ ﬀ	 ! 	$ ﬂ$&$ +   "',/

	&$# ﬀ#	 !"	$# ﬂ$&$ + 
'
!  %$ "

¹NhŁcfZ\dIuNSnmŁ\^mFZdhF`Lb,l
N    

 		
	  9¦hFbJ\^ILNt[cfZdlbdN\dc<;GmŁ\^cho_hF ﬂD|[

#
clear all;
% Physical parameters
Re=0.1;Eps=0.9;We=0.5;
v=1.;
T=1; % Maximal time
% Numerical parameters
% Space
I=100;
dx=1/I;mesh=[0:dx:1];
% Time
N=100;
dt=T/N;
% Number of polymers per cell (Monte Carlo)
J=1000;
% Matrices
D1=diag(ones(1,I−1),−1);D1=D1(2:I,:);D1=[D1,zeros(I−1,1)];
D2=diag(ones(1,I−1));D2=[zeros(I−1,1),D2,zeros(I−1,1)];
D3=diag(ones(1,I−1),+1);D3=D3(1:(I−1),:);D3=[zeros(I−1,1),D3];
% Mass matrix
M=(1/6)*D1+(2/3)*D2+(1/6)*D3;
M=M.*dx;M=sparse(M);
MM=M(:,2:I);
% Stiffness matrix
A=(−1)*D1+2*D2+(−1)*D3;
A=A./dx;A=sparse(A);
AA=A(:,2:I);
BB=Re*MM./dt+(1−Eps)*AA;
% Vectors
u=zeros(I+1,1); % Initial velocity
Y=zeros(J,1);X=zeros(J,I);
X_var_controle=zeros(J,1); % Control variate
Y=randn(size(Y));
% Initial condition not depending on the space variable
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X=randn(J,1)*ones(1,I);
X_var_controle=X(:,1);
tau=zeros(I,1);
gradtau=zeros(I−1,1);
CLL=zeros(I+1,1);
% Time iterations
for t=dt:dt:T,
for l=1:I,
tau(l)=sum(Y.*(X(:,l)−X_var_controle))/J;
end;
tau=(Eps/We)*tau;
gradtau=tau(2:I)−tau(1:(I−1));
if ((t/T)<0.1)
CLL(1)=v*10*(t/T);
else
CLL(1)=v ;
end;
CL=(Re*M./dt+(1−Eps)*A)*CLL;
F=(Re*M./dt)*u−CL+gradtau;
u(2:I)=BB\F;
if ((t/T)<0.1)
u(1)=v*10*(t/T);
else
u(1)=v;
end;
% Y, X and X_var_controle
r=randn(J,1);
for l=1:I,
X(:,l)=(1−dt/(2*We))*X(:,l)+(dt/dx)*(u(l+1)−u(l))*Y+sqrt(dt/We)*r;
end;
X_var_controle=(1−dt/(2*We))*X_var_controle+sqrt(dt/We)*r;
Y=(1−dt/(2*We))*Y+sqrt(dt/We)*randn(J,1);
% Drawings
plot(mesh',u,mesh',[tau;tau(I)]);
axis([0 1 −1 1.2]);
drawnow;
end;
legend('velocity','stress');
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clear all;
%%%% This file contains some integrals of Hermite polynomials
run Ortho_HD_normalise_20
%%%% Physical parameters
d=2; % dimension of the ambiant space
n=1; % number of springs
% Warning: Only d=2 and n=1 are implemented here
T=1; % Maximal time
Re=0.1;Eps=0.9;We=0.5;v=1.;
%%%% Discretization
% Space
I_esp=100; % number of spacesteps
dx=1/I_esp;mesh=0:dx:1;
% Time
N=100; % number of timesteps
dt=T/N; % timstep
l_max=2; % Maximal degree of Hermite polynomials
% Discretisation for q: FULL TENSOR PRODUCT
dim=(l_max+1)*(l_max+1);
disp('Dimension of the Galerkin basis for Fokker Planck:');disp(dim);
% To get the tensorial index as a function of the absolute index
% 0 \leq nu(1) \leq l_max
get_nu=@(i) [ floor((i−1)/(l_max+1)), i−1−floor((i−1)/(l_max+1))*(l_max+1)];
% To get the absolute index as a function of the tensorial index
% 1 \leq i \leq dim
get_i=@(nu) 1+nu(1)*(l_max+1)+nu(2);
% Matrix S
D1=diag(ones(1,n*d),−d);D1=D1((d+1):(n+1)*d,:);
D2=diag(ones(1,n*d),d);D2=D2(1:n*d,:);
S=−D1+D2;
% Matrix D
D=S*S';
% Here, D=2 Id
%%%% Operators
disp('Computing matrices...');
%%%% Operators for Fokker−Planck
M=zeros(dim,dim);
G_de_base=zeros(dim,dim);
A=zeros(dim,dim);
% \int_X (1/dt q^{n+1}) r \omega
% since int_P_P= Id, this is only Id
M=eye(dim,dim);
% G = Nabla_u : \int_X ( \nabla_X r \otimes X ) q \omega
% G depends on the timestep
% G=nabla_u*G_de_base where nabla_u is the off−diagonal component
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% of the matrix \nabla u
for i=1:dim % r_i
for j=1:dim % q_j
% +1 : to get the indices of Ortho_HD_normalise.m
nu_i=get_nu(i)+1;
nu_j=get_nu(j)+1;
G_de_base(i,j)=int_DP_P(nu_i(1),nu_j(1))*int_P_X_P(nu_i(2),nu_j(2));
end
end
% A = D : \int_X ( \nabla_X q \otimes \nabla_X r) \omega
% Here, D=2 Id
% D(1,1) * \int \partial_{X_1}P_{i}(x) \partial_{X_1}P_{j}(x) \omega
for i=1:dim % r_i
for j=1:dim % q_j
nu_i=get_nu(i)+1;
nu_j=get_nu(j)+1;
A(i,j)=A(i,j)+D(1,1)*int_DP_DP(nu_i(1),nu_j(1))...
*int_P_P(nu_i(2),nu_j(2));
end
end
% D(2,2) * \int \partial_{X_2}P_{i}(x) \partial_{X_2}P_{j}(x) \omega
for i=1:dim % r_i
for j=1:dim % q_j
nu_i=get_nu(i)+1;
nu_j=get_nu(j)+1;
A(i,j)=A(i,j)+D(2,2)*int_P_P(nu_i(1),nu_j(1))...
*int_DP_DP(nu_i(2),nu_j(2));
end
end
% Computation of \int X_1 X_2 P_{i}(x) \omega
% This vector is useful to compute tau
int_X_X_q_1_2=zeros(dim,1);
for i=1:dim
nu_i=get_nu(i)+1;
int_X_X_q_1_2(i)=int_X_P(nu_i(1))*int_X_P(nu_i(2));
end;
%%%% Operators for the velocity
D1=diag(ones(1,I_esp−1),−1);D1=D1(2:I_esp,:);D1=[D1,zeros(I_esp−1,1)];
D2=diag(ones(1,I_esp−1));D2=[zeros(I_esp−1,1),D2,zeros(I_esp−1,1)];
D3=diag(ones(1,I_esp−1),+1);D3=D3(1:(I_esp−1),:);D3=[zeros(I_esp−1,1),D3];
% Mass matrix
M_esp=(1/6)*D1+(2/3)*D2+(1/6)*D3;
M_esp=M_esp.*dx;
M_esp=sparse(M_esp);
MM_esp=M_esp(:,2:I_esp);
% Stiffness matrix
A_esp=(−1)*D1+2*D2+(−1)*D3;
A_esp=A_esp./dx;
A_esp=sparse(A_esp);
AA_esp=A_esp(:,2:I_esp);
BB_esp=Re*MM_esp./dt+(1−Eps)*AA_esp;
%%%% Vectors
% initial conditions
y>7
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u=zeros(I_esp+1,1); % velocity is zero
q=zeros(dim,I_esp);
q(1,:)=ones(1,I_esp); % equilibrium at each point
tau=zeros(I_esp,1);
gradtau=zeros(I_esp−1,1);
nabla_u=0;
CLL=zeros(I_esp+1,1);
%%%% Time iterations
disp('Time iterations');
for t=dt:dt:T,
q_old=q;
u_old=u;
% Computation of u
gradtau=tau(2:I_esp)−tau(1:(I_esp−1));
if ((t/T)<0.1)
CLL(1)=v*10*(t/T);
else
CLL(1)=v ;
end;
CL=(Re*M_esp./dt+(1−Eps)*A_esp)*CLL;
F=(Re*M_esp./dt)*u−CL+gradtau;
u(2:I_esp)=BB_esp\F;
if ((t/T)<0.1)
u(1)=v*10*(t/T);
else
u(1)=v;
end;
% computation of tau
for l=1:I_esp % iteration on the cells
nabla_u=(u(l+1)−u(l))/dx;
nabla_u_old=(u_old(l+1)−u_old(l))/dx;
% computation of q(:,l)
G=nabla_u*G_de_base;
G_old=nabla_u_old*G_de_base;
% Crank Nicholson
M_n_p_1=(1/dt)*M − 0.5*(G−A/(4*We));
M_n=(1/dt)*M + 0.5*(G_old−A/(4*We));
q(:,l)=M_n_p_1\(M_n*q_old(:,l));
% Computation of tau(l)
% tau = \int_X ( X \otimes X ) q \omega
tau(l)=(Eps/We)*(q(:,l)'*int_X_X_q_1_2);
end;
% Drawings
plot(mesh',u,mesh',[tau;tau(I_esp)]);
axis([0 1 −1 1.2]);
drawnow;
end;
legend('velocity','stress');
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MON
\^ILh[tk\dhxN
\s\^Nb(`L_rt[Nb,Z]\,mj_utn\dILN
qubdhoLNGM"
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\`uZb^NGlGmjª\dILN(MOcfl
b^hj© MmFl
b^hMOh[t[NG§N(mjb^N-c_B\^Nb^NGZs\dNGtc_ H

Re
(
∂u
∂t
+ u · ∇u
)
− (1− )∆u +∇p = div τ p + f ,
div u = 0,
τ p =

We
(E(Xt ⊗ F (Xt))− 3]t ),
dXt + u.∇Xt dt = ∇uXt dt− 1
2We
F (Xt) dt+
1√
We
dW t.
ﬂÀyLÛ{#
c\dI
F (Xt) = Xt
¦hobµ*hYhF¶oNGmF_ t[`uMLxNZG
F (Xt) =
Xt
1−‖Xt‖2/b
¦hob.·¤P*· tL`LMLxNfZ¢hFb
F (Xt) =
Xt
1−E(‖Xt‖2)/b
¦hob·P*·@© g«t[`LMurNGfZHJILNZdqumFlNŁmFbdcfmjLN
x
Łmjb^cN;Zc_0mrho`L_ut[N;t
tLhFMmjc_ D ⊂ Rd 7HJILcfZZdX[Z]\^NM cZ9Zd`LqLqLcN;t+c\dI¡xhF`L_rtLmjb^X lhF_utLc´\^cho_uZho_0\dILNFNh[l
c\]XF@mj_rt
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"
	 ' ﬀ

"$	A "
c_Lc\dcfmj£lhF_ut[c\dchF_rZJhF_\dILN(oNh[l
c\]Xmj_ut\dILNZs\dh[l,IumoZ]\^clqLb^h[l
N;ZdZdNGZG#3³_\^ILN-¦hFhŁc_LrBN(Zs`uqLqrhBZsN
 ∈ (0, 1) 
 N(bdN;lmFª\^ILNLho¶B¶oNbd©Dg¤mF_ul,¶OFNb,Zdcho_hjﬂÀyuÈ{# H

Re
(
∂u
∂t
(t,x) + u(t,x) · ∇u(t,x)
)
− (1− )∆u(t,x) +∇p(t,x)
= div (τ p(t,x)),
div (u(t,x)) = 0,
τ p(t,x) =

We
(∫
X
(X ⊗ F (X))ψ(t,x,X) dX − 3]t
)
,
∂ψ
∂t
(t,x,X) + u.∇xψ(t,x,X)
= −div X
((
∇u(t,x)X − 1
2We
F (X)
)
ψ(t,x,X)
)
+
1
2We
∆Xψ(t,x,X).
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£cZZ]\^`ut[cNGt§@WYc_ul
N¤\dILcfZ£N;mjb^XhFb^¶xGMmj_YXTobdho`LquZ§IrmÏFN¤Zs\d`utLcN;t
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ZdhFMON9qumjb,mjMON\dNb,Z_LNN;t[NGt c_7\^ILNMmFl
b^hoZ^l
hoqLcflNGeB`umj\dchF_uZ-mFbdNOl
hoM9qu`[\dN;t7YX7ZdhFMONOMOclbdhBZdlhFqLcfl
MOh[t[NGZ ﬂ=ZsNGN-\dILN(oN_LNGb^mFr¦hobdM`LfmŁ\dchF_ ﬂ
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
N
\*`uZb^NGlGmjx\dILN-\]hOMOmFc_"t[cﬃ?l
`L\dcNGZNmjb^NGmFtLXM9NG_B\dchF_LN;t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u · ∇u  u · ∇Xt mF_ut u.∇ψ 

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# ! "  ﬃ 'lhFMOc_u(Nc\dILNGb@¦bdhoMv\^ILNRl
ho`LqLc_u(rN\]NGN_9\dILNN;eB`umŁ\^cho_uZ4mj_rt
(u, p)
mj_ut
τ p
ﬂ ∇uXt hob div X (∇uXψ) 
hobc_uILNb^N_B\dX7lhF_B\^mFc_LN;t c_ \dIuNNGeB`umj\dchF_uZ(t[Nu_Lc_L τ p
ﬂÀt[`uN-\dhO\dIuN(_LhF_[© c_LN;mjbJN_B\^bdhoqLclT¦hob^lN
F


3³_ \^ILN_LN
Y\ZdNGl
\dchF_uZG£NN
[qLfmjc_ ILhŁ \dILN;ZsNtLc@?l
`u´\^cN;Z(IumÏFN9xNN_¡motLt[b^NGZ^ZsN;tnxhj\^I ¦b^hFMV\dILN
Mmj\dILNGMOmj\dcflmF.YcNqxhFc_B\(mF_ut7\dILNO_Y`LMONb^clGmj¢YcNGqrhoc_B\ ﬂÀZdNNOmjfZdhH-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HJIuNZdX[Z]\^NM ﬂÀyuÈ{cfZ.eB`Lc\dNJt[cﬃ?l
`L\\^hZs\d`rt[XmFZ.Zs`rl,I£HhZscMOqLc´rlGmŁ\^cho_uZhFL\dIucZ.FNG_LNb,mjBZsN\s\^c_L
mFbdN`uZd`umjXl
ho_uZscft[NGbdN;t¦hobqLbdNGcMOc_rmjb^Xmjb^F`LMON_B\,Z H¢ILhoM9hoFNG_LNho`uZ4rhŁ*Zmj_ut"ZdILNGmFbrhŁ*Z
Hh(ZsqxNGlc´rlGmjXZs\d`rt[X\^ILNJM9cfl
b^hoZ^l
hoqLcfl4NGeB`umj\dchF_uZGjho_LNlGmj_Ol
ho_uZscft[NGb  $ﬂﬃ $& "  " $ﬂﬁ '  $  '

N
b^NGlGmju\^IumŁ\c_Zd`ul,IuhŁ*Z ∇u t[hYNGZJ_LhF\Jt[NGqrNG_uthF_\dILN-ZsqrmFl
NŁmjb^cmFLNF[mj_ut\dILNGbdN¦hFb^N Xt ﬂÀmj_rt
\^IY`uZ
τ p
JtLhBN;ZJ_Lhj\RtLNqxN_uthF_\dIuNZsqumol
N-Łmjb^cmFLNNGc´\^ILNb;@}«Zsho`L\dchF_\dh ﬂÀyuÈ{#cZ\^ILN_"hFL\^mjc_LN;t
YXkZdhFBc_L\^ILNW)5R· c´\^ILhF`L\T\^ILN9mot[FN;l\^coN(\dNGbdM"-LhFb-moNh[l
c\]XrNft
u(t, x) = κ(t)x
 ﬂ=yLÛ{#
xNGlhFMONGZ/H 
τ p =

We
(E(Xt ⊗ F (Xt))− 3]t ),
dXt = κ(t)Xt dt− 1
2We
F (Xt) dt+
1√
We
dW t.
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Hh+¶FNGNq \dILNntLc@?l
`u´\]X bdNGmj\dN;t¡\^h0\dILN7lhF`Lquc_L0rN\]NGN_ \dIuNnMmFl
b^hoZ^l
hoqLcflN;eo`rmŁ\dchF_ﬃmj_rt
\^ILN-MOclbdhBZdlhFqLcfl*N;eo`rmŁ\dchF_rZJL`[\J\dhONcM9c_umj\dN\dILN(t[cﬃ?l
`L\dcNGZ*bdNGmj\dNGt\dh9\db,mj_rZsqxhFbd\\^Nb^MZ[Mmj_YX
mF`[\dIuhFb,Z ﬂÀZdNN"S+ moZsh mj_ut µÛ¨T  R\d\dc_LFNGb

{j|

  rÛ¨T¢¹ho_BYc_ mj_rt¡S+¢g4cflmFZ^Zdh

ﬂGy

¨T *`Lc´©
hFqxamj_rt  rÈ¨T.W[mj`[\

|
2

.¹T  Fho`Lb^tumjc_£.¨T N¹b^cfZ(mj_ut0H-£NGcKYb^N

y>7

hFb  ·*H- c¤mj_rt
g¢    xIumF_L
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Jl
hF_rZscft[Nb*ZdILN;mjbuhŁ*Z ﬂÀZdNN(.cu ﬂ 
3³_\dILcfZFNGhFMON
\^bdXo ﬂÀyLÛ{#b^c\dNGZ/H
Re
∂u
∂t
(t, y)− (1− )∂
2u
∂y2
(t, y) =
∂τ
∂y
(t, y) + f(t, y),
τ(t, y) =

We
E(Xt(y)FY (Xt(y))),
dXt(y) =
∂u
∂y
(t, y)Yt(y) dt− 1
2We
FX (Xt(y)) dt+
1√
We
dVt,
dYt(y) = − 1
2We
FY (Xt(y)) dt+
1√
We
dWt,
ﬂ=yL<ﬂG
IuNb^N
(Xt(y), Yt(y))
mjb^N\^ILN\]hlhFMOqxhF_LNG_o\,Zhj@\dIuNOZs\dh[l,IumoZ]\^clqLb^hYlNGZ^Z
Xt(y)

(Vt,Wt)
mjb^N
\]hOc_rt[NqxN_utLN_B\¹b^hŁ_LcmF_MOhF\dchF_uZ*mF_ut
(FX (Xt), FY (Xt))
mjb^N-\dILN-\]hl
hoMOqrho_LN_B\^Z*hj¢\dILN
¦hob^lN
F (Xt)
 3³_\^ILcZJlGmFZdNF
y ∈ (0, 1) Ymj_ut 5Rcb^cl,ILN
\rho`L_utLmFbdXlhF_ut[c\dchF_rZmFbdNRmoZdZd`LMONGthF_\^ILN
oNh[l
c\]XmŁ\
y = 0
mj_ut
y = 1
4HJILN-c_uc´\^cmFl
ho_ut[c\dchF_uZ
(X0, Y0)
mjb^N(mFZ^Zs`uM9N;t\^hOrN(c_ut[NGqrNG_ut[N_B\
¦b^hFM hF_LN(mj_uhj\dIuNb*mj_rt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hFR\^ILNkZsX[Zs\dNM ﬂÀyLÛ{
Nub^Zs\t[Nb^coNkmj_ "  " -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	$
	¢NGZs\dcMmŁ\^NF¢Zsc_ul
NOc\cfZ¦hFb^MOmFX7t[NGbdcFN;t moZdZd`LMOc_LkZs`)?lcNG_o\b^No`Lfmjb^c´\]Xkho_ \^ILNZdhF`[\dchF_uZ
¦hobmFu\dILN*MmF_Lcqu`Lmj\dchF_uZ4\dhIuhFft9\db^`LNF@HJILN;ZsN*N;Z]\^cMmj\dNGZmjb^NJ\dILNG_`uZdNGt9\^hqLb^hŁFNJN
[cfZ]\^N_ulNRmj_rt
`u_LceB`LNG_LNGZ^ZJb^NGZd`L´\,ZLmF_ut§LqxhoZ^ZdcLXFLZs\d`rt[XhF_LF\dcM9N(qubdhoqrNGbs\^cN;ZhF\^ILNZdhF`[\dchF_uZG
Sk`u´\^cqLXYc_uT\^ILNJMOhFMON_B\d`uMvNGeB`umj\dchF_YX
u
mj_utc_B\^NFb,mŁ\^c_uRc_9ZdqumFlNmF_ut(\^cMONojhF_LNJho[\^mFc_uZ
ho_\^ILN(hF_uNIrmj_ut
Re
2
∫
D
|u|2(t,x) + (1− )
∫ t
0
∫
D
|∇u|2(s,x) ﬂ=yL<ﬂ8ﬂ
=
Re
2
∫
D
|u|2(0,x)− 
We
∫ t
0
∫
D
E(Xs(x)⊗ F (Xs(x))) : ∇u(s,x),
moZdZd`LMOc_LIuhFMOhFoN_LNGhF`uZ5Tcb^cl,IuN\*rho`L_utLmFbdXlhF_ut[c\dchF_rZJhF_
u

¸T_\^ILNhj\dIuNb¤Irmj_ut§Y`uZdc_L 3 \ 9lmFl`L`uZ4ho_
Π(Xt)
ﬂ¦IuNb^N
Π
cfZ¤\dILNTqrhF\dN_B\^cmFrhF£\dILNR¦hFb,l
N
F
hF\^ILNZsqubdc_L
[c_B\^NFb,mŁ\^c_uc_kZsqumol
NoY\dcM9NmF_ut\^mF¶Bc_L9\dIuNN[qrN;l\^mj\dchF_"Łmj`LNF[c\*cfZ*ZsNGN_\dIumj\∫
D
E(Π(X t(x))) +
1
2We
∫ t
0
∫
D
E(‖F (Xs(x))‖2) ﬂ=yL<ﬂ;z 
=
∫
D
E(Π(X0(x))) +
∫ t
0
∫
D
E(F (Xs(x)) · ∇u(s,x)Xs(x))
+
1
2We
∫ t
0
∫
D
∆Π(Xs(x)).
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E(Xs(x)⊗ F (Xs(x))) : ∇u(s,x) = E(F (Xs(x)) · ∇u(s,x)Xs(x)), ﬂ=yL<ﬂ


\^ILN-¦hFhŁc_L9N_uNb^FXN;Z]\^cMmŁ\^N-cZJho[\^mFc_LN;tFH
Re
2
d
dt
∫
D
|u|2(t,x) + (1− )
∫
D
|∇u|2(t,x) + 
We
d
dt
∫
D
E(Π(Xt(x)))
+

2We 2
∫
D
E(‖F (Xt(x))‖2) = 
2We 2
∫
D
∆Π(Xt(x)).
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u0 ∈ L2y
# ﬀ
fext ∈ L1t (L2y)
 !  " ' + '
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(u,X)
$
(0, T )
 ∀T > 0    ﬀ ﬀ	 ! 	$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